This paper proves that any simply connected closed three dimensional stellar manifold is stellar equivalent to the three dimensional sphere.
Introduction
The proof of the Poincaré conjecture is the prime motivation of the research presented in this paper. Henri Poincaré stated his conjecture in 1904 [11] .
Every simply connected closed 3-manifold is homeomorphic to the 3-sphere.
Analogues of this hypothesis were successfully proved in dimensions higher than 3, see [2] , [5] , [12] , [14] , [15] . In this paper we prove that a simply connected closed 3-dimensional stellar manifold is stellar equivalent to ∂(1 2 3 4 5). Since every 3-dimensional manifold can be triangulated and any two stellar equivalent manifolds are piecewise linearly homeomorphic ( [4] , [9] , [10] ), our result does imply the famous Poincaré conjecture.
The proof presented in this paper is performed in the framework of the stellar manifold theory [3] , [4] .
2 Proof of the Poincaré conjecture for stellar manifolds Any 3-dimensional manifold (3-manifold) admits a triangulation which is a stellar manifold. A stellar 3-manifold M can be identified with the sum of its 3-dimensional simplexes (3-simplexes) :
g i with coefficients from Z 2 . We will call {g i } n i=1 generators of M. All vertices in M can be enumerated and any 3-simplex s from M corresponds to the set of its vertices s = (i 1 i 2 i 3 i 4 ), where i 1 i 2 i 3 i 4 are integers.
The boundary operator ∂ is defined on a simplex as
and linearly extended to any complex, i.e.
A manifold is called closed if ∂M = 0. If two simplexes (i 1 i 2 . . . i m ) and (j 1 j 2 . . . j n ) do not have common vertices then one can define their join
as the union (i 1 i 2 . . . i m ) ∪ (j 1 j 2 . . . j n ).
If two complexes K = i q i and L = j p j do not have common vertices then their join is defined as
If A is a simplex in a complex K then we can introduce its link:
The star of A in K is A ⋆ lk(A, K). Thus,
where the complex Q(A, K) is composed of all the generators of K that do not contain A.
Definition 1 (Subdivision) Let
A be a simplex of a complex K. Then any integer a which is not a vertex of K defines starring of
This is denoted asK = (A, a)K.
The next operation is the inverse of subdivision. It is called a stellar weld and defined as follows.
A stellar move is one of the following operations: subdivision, weld, enumeration change on the set of vertices. Two complexes M and L are called stellar equivalent if one is obtained from the other by a finite sequence of stellar moves. It is denoted as M ∼ L. A complex L is obtained from K by cutting along (i 1 i 2 . . . i m ) if it is constructed by the following algorithm:
step 2. For j form 1 to n do the following:
. . ν m are arbitrary integers such that each of them is neither in L nor in K. Let p j be the generator g j with i 1 , i 2 , . . . i m replaced with ν 1 , ν 2 , . . . ν m , respectively. Then L = L + p j .
If a complex L is stellar equivalent to (1 2 . . . n+ 1) then L is called a stellar n-ball. On the other hand, if K ∼ ∂(1 2 . . . n + 2) then K is a stellar n-sphere.
Definition 4 (Stellar manifold) Let M be a complex. If, for every vertex i of M, the link lk(i, M ) is either a stellar (n − 1)-ball or a stellar (n − 1)-sphere, then M is a stellar n-dimensional manifold (n-manifold).
Our proof of the Poincaré conjecture is based on the following result.
Theorem 2.1 (Alexander [1] ) Let M be a stellar n-manifold, let J be a stellar n-ball. Suppose that M ∩ J = ∂M ∩ ∂J and that this intersection is a stellar
This theorem leads us to the following important operation on stellar manifolds.
Definition 5 (Regular collapsing) Consider a stellar manifold L = M + J, where M is a stellar n-manifold, and J is a stellar n-ball. Suppose that M ∩J = ∂M ∩ ∂J and that this intersection is a stellar (n − 1)-ball. Then the operation of going from L to M is called regular collapsing.
If a stellar manifold M is obtained from L by a finite sequence of regular collapsings, then we write L ց M. By definition L ց M implies that L ∼ M.
It is well-known [3] , [4] that for any s-dimensional simplex A of a stellar nmanifold L the link lk(A, L) is either a stellar (n−s−1)-ball or (n−s−1)-sphere. If A belongs to the boundary ∂L then lk(A, L) is a stellar (n − s − 1)-ball. If g is a generator of ∂L then lk(g, L) is a single vertex v(g). The function v : ∂L → L that maps the set of generators of ∂L into the set of vertices of L is correctly defined. Let L \ v(g) ⋆ g denote a complex defined by all generators of L but v(g) ⋆ g. Then the following statement takes place.
Proof. We conduct the proof by mathematical induction with respect to the dimension of L. If dim(L) = 1, then the statement is true. Let us assume that the assertion is valid for dim(L) < n. We need to prove it for dim(L) = n.
Let g be a generator of ∂L such that lk(v(g), L) is a stellar (n − 1)-sphere,
To prove that L \ v(g) ⋆ g is a stellar manifold we need to establish that for any vertex a ∈ v(g) ⋆ g the link lk(a, L \ v(g) ⋆ g) is a stellar (n − 1)-ball. If a = v(g) then lk(v(g), L) is a stellar (n − 1)-sphere and it is proved in [9] , [3] , [4] that lk(v(g), L \ v(g) ⋆ g) = lk(v(g), L) \ g is a stellar ball. If a ∈ g then g = a ⋆ (g \ a), lk(a, L) is a stellar (n − 1)-ball and v(g) is an internal vertex of this ball, i.e., v(g) ∈ lk(a, L) and lk(v(g), lk(a, L)) is a (n − 2)-stellar sphere. By the assumption of mathematical induction lk(a, L) ց lk(a, L) \ (v(g) ⋆ (g \ a) ). Hence, lk(a, L) \ (v(g) ⋆ (g \ a)) is a (n − 1)-stellar ball. On the other hand, lk(a, L \ v(g) ⋆ g) = lk(a, L) \ (v(g) ⋆ (g \ a) ). Thus, for any vertex a ∈ g we proved that lk(a, L \ v(g) ⋆ g) is a (n − 1)-stellar ball. Hence, L \ v(g) ⋆ g is a stellar manifold and the assertion of the theorem follows from Theorem 2.1. Q.E.D.
In the sequel we need the following important corollary of Theorem 2.2.
Corollary 2.3
For any stellar manifold M with ∂M = ∅ there exists a stellar manifold L such that either M = L or M ց L and for any generator g of ∂L there is the only vertex v(g) ∈ ∂L such that v(g) ⋆ g is a generator of L.
We call a stellar 3-manifold simply connected if it is a triangulation of a simply connected 3-dimensional manifold. It is known that any two manifolds admitting stellar equivalent triangulations are piecewise linearly homeomorphic. Hence, to prove the Poincaré conjecture one needs to establish the following statement. Proof. We conduct the proof by mathematical induction with respect to the number of generators in M. ∂(1 2 3 4 5) is the stellar 3-manifold with the minimal number of generators for which the statement is evidently true.
Assume that the theorem is valid for stellar manifolds having less than n generators. Our goal is to prove it for a stellar manifold M with n generators, We need to consider the following two possibilities:
(i) There exists a generator q from lk(b, Q(a, M )) such that ∂(b ⋆ q) and ∂Q(a, M ) have at least two common 2-simplexes.
(ii) For any generator q from lk(b, Q(a, M )) the complexes ∂(b⋆q) and ∂Q(a, M ) can not have more than one common 2-simplex.
Up to an enumeration change case (i) admits the following possibilities illustrated in (Fig. 1, 2, 3 ).
(ia) There exists a generator (i 1 i 2 i 3 ) from lk(b, Q(a, M )) such that (b i 1 i 2 ) and (b i 2 i 3 ) are in ∂Q(a, M ) ( Fig. 1, 2) .
(ib) There exists c ∈ lk(b, Q(a, M )) such that c / ∈ ∂lk(b, Q(a, M )) and the generator (b c i 1 i 2 ) of Q(a, M ) has its faces (b i 1 i 2 ) and (c i 1 i 2 ) in ∂Q(a, M ) ( Fig. 3 ). Let g(b) = (c i 1 i 2 ).
Consider first the possibility (ia) (Fig. 1, 2 ). If the face (i 1 i 2 i 3 ) belongs to lk(a, M ) = ∂Q(a, M ) ( Fig. 2) then Theorem 2.1 yields Q(a, M ) ∼ (Q(a, M ) \ (b i 1 i 2 i 3 )).
. Then M ∼ a ⋆ ∂K + K and a ⋆ ∂K + K has less generators than M. Hence, by the assumption of mathematical induction a ⋆ ∂K + K ∼ ∂(1 2 3 4 5) and the proof is completed.
If the face (i 1 i 2 i 3 ) does not belong to lk(a, M ) = ∂Q(a, M ) ( Fig. 1 ) then there are two possibilities: Q(a, M ) ) is a stellar 1-sphere. Consider the case when lk((i 1 i 3 ), Q(a, M )) is a stellar 1-ball. Hence, (i 1 i 2 i 3 ) cuts Q(a, M ) into two simply connected stellar manifolds P 1 and P 2 such that Q(a, M ) = P 1 ∪ P 2 and P 1 ∩ P 2 = ∂P 1 ∩ ∂P 2 = (i 1 i 2 i 3 ).
On the other hand, P 1 has less generators than Q(a, M ). Hence, it follows from the assumption of mathematical induction that a ⋆ ∂P 1 + P 1 is a stellar sphere, and therefore, P 1 is a stellar ball (see, e.g., [9] , [3] , [4] ). Thus, by Theorem 2.1 Q(a, M ) ∼ P 2 , and therefore,
The stellar manifold a ⋆ ∂P 2 + P 2 has less generators than M and by the assumption of mathematical induction a ⋆ ∂P 2 + P 2 ∼ ∂(1 2 3 4 5).
Thus, M ∼ ∂(1 2 3 4 5) and the proof is completed in case (ia).
Consider the situation (ib) when there exists a simplex b ⋆ g(b) such that g(b) is a generator of ∂Q(a, M ) ( Fig. 3) . Moreover, (b ⋆ ∂g(b)) and ∂Q(a, M ) have at least one common 2-dimensional simplex. Let us prove that
is a stellar manifold.
c is an internal vertex of lk(b, Q(a, M )). By Theorem 2.2 lk(b, Q(a, M )) ց lk(b, Q(a, M )) \ g(b).
Since
we conclude that lk(b, Q(a, M ) \ (b ⋆ g(b))) is a stellar ball. Analogously b is an internal vertex of lk(c, Q(a, M )) and by Theorem 2.2
) is a stellar ball. Case (ii) permits not more than one common 2-dimensional simplex for ∂Q(a, M ) and ∂(b ⋆ g), where g is an arbitrary generator of lk(b, Q(a, M )). A sketch of a possible structure for lk(b, Q(a, M )) is depicted in (Fig. 4) .
Let us introduce the equivalence relation on the set of generators in Q(a, M )\ (b⋆lk(b, Q(a, M )). Q(a, M )\b⋆lk(b, Q(a, M )) is defined by those generators from Q(a, M ) that do not contain vertex b. Two generators p and q from Q(a, M ) \ b ⋆ lk(b, Q(a, M )) are equivalent, denoted as p ≃ q, if there exists a finite sequence of generators g 0 , g 1 , . . . , g n from Q(a, M ) \ b ⋆ lk(b, Q(a, M )) such that g 0 = p, g n = q and g i ∩ g i+1 is a 2-dimensional simplex in Q(a, M ) \ b ⋆ lk(b, Q(a, M )) (similar construction is considered in [3] ).
Thus,
where {Q j } j=k j=1 are equivalence classes, i.e, each Q j is defined by generators from Q(a, M ) \ b ⋆ lk(b, Q(a, M )) that are equivalent to each other. Moreover, for j = i, there are no generators p ∈ Q j and q ∈ Q i such that p ≃ q.
By construction Q(a, M ) \ b ⋆ lk(b, Q(a, M )) only may fail to satisfy the definition for a stellar manifold (Definition 4) at the vertices and 1-simplexes from lk(b, Q(a, M ). Cutting Q(a, M ) \ b ⋆ lk(b, Q(a, M )) along those vertices and 1-simplexes we obtain a stellar 3-manifold which has an orientable boundary. This boundary is a two dimensional orientable compact closed manifold. There is a complete classification of such manifolds (see e.g. [8] It is possible because the 2-complex generated by 2-simplexes that belong both to lk(b, Q(a, M )) and Q(a, M )\b⋆lk(b, Q(a, M )) (not marked with "+" in Fig.4 ) is a deformation retract of Q(a, M ) \ b ⋆ lk(b, Q(a, M )) (see [3] and [8] for details). Q.E.D.
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